Basic notions of continuous media mechanics are introduced for spaces with affine connections and metrics. The physical interpretation of the notion of relative velocity is discussed. The notions of deformation velocity tensor, shear velocity, rotation (vortex) velocity, and expansion velocity are introduced. Different types of flows are considered.
Introduction
The notion of relative velocity is closely related to the notions of deformation velocity tensor and its kinematic characteristics (shear, rotation, and expansion). On the other side, the friction in a continuous media could be described in analogous way as the deformation. This give rise to considerations of friction "velocity" tensor and its kinematic characteristics. In Section 1 the introduction and the physical interpretation of the notion of relative velocity is discussed. The notions of deformation velocity tensor, shear velocity, rotation (vortex) velocity and vortex vector as well as expansion velocity are introduced for (L n , g)-spaces. In Section 2 the notions of friction velocity and it kinematic characteristics is introduced and considered. In Section 3 different types of flows are considered.
All considerations are given in details (even in full details) for those readers who are not familiar with the considered problems.
Remark. The present paper is the second part of a larger research report on the subject with the title "Contribution to continuous media mechanics in (L n , g)-spaces" and with the following contents:
I. Introduction and mathematical tools. II. Relative velocity and deformations. III. Relative accelerations. IV. Stress (tension) tensor. The parts are logically self-dependent considerations of the main topics considered in the report.
Relative velocity. Deformation velocity, shear velocity, rotation (vortex) velocity, and expansion velocity
The notion relative velocity vector field (relative velocity) rel v can be defined (regardless of its physical interpretation) as the orthogonal to a non-isotropic vector field u projection of the first covariant derivative (along the same non-isotropic vector field u) of (another) vector field ξ, i.e.
l · e i , e i = ∂ i (in a co-ordinate basis), (1) where (the indices in a co-ordinate and in a non-co-ordinate basis are written in both cases as Latin indices instead of Latin and Greek indices)
g = g ij · e i .e j , g ij = g ji , e
i .e j = 1 2 · (e i ⊗ e j + e j ⊗ e i ) ,
l , e i .e j = 1 2 · (e i ⊗ e j + e j ⊗ e i ) ,
In a co-ordinate basis
Every contravariant vector field ξ can be written by means of its projection along and orthogonal to u in two parts -one collinear to u and one -orthogonal to u, i.e.
where l = g(ξ, u) ,
Therefore, ∇ u ξ can be written in the form
and the connection between ∇ u ξ and rel v is obvious. Using the relation [1] between the Lie derivative £ ξ u and the covariant derivative ∇ ξ u
[e i , e j ] = £ ei e j = C ij k · e k ,
(in a co-ordinate basis {∂ k } ) ,
one can write ∇ u ξ in the form
or, taking into account the above expression for ξ, in the form
where
For h u (∇ u ξ) it follows that
If we introduce the abbreviation
the expression for rel v can take the form
or
For the special case when the vector field ξ is orthogonal to u, i.e. ξ = g[h u (ξ)], and the Lie derivative of u along ξ is zero, i.e. £ ξ u = 0 , then the relative velocity can be written in the form
or in the form
Remark. All further calculations leading to a useful representation of d are quite straightforward. The problem here was the finding out a representation of h u (∇ u ξ) in the form (15) which is not a trivial task.
Deformation velocity, shear velocity, rotation (vortex) velocity, and expansion velocity
The covariant tensor field d is a generalization for (L n , g)-spaces of the well known deformation velocity tensor for V n -spaces [2] , [3] . It is usually represented by means of its three parts: the trace-free symmetric part, called shear velocity tensor (shear), the anti-symmetric part, called rotation velocity tensor (rotation) and the trace part, in which the trace is called expansion velocity (expansion) invariant. After some more complicated as for V n -spaces calculations, the deformation velocity tensor d can be given in the form
The symmetric trace-free tensor σ is the shear velocity tensor (shear),
The symmetric trace-free tensor s E is the torsion-free shear velocity tensor, the symmetric trace-free tensor s P is the shear velocity tensor induced by the torsion,
The invariant θ is the expansion velocity, the invariant θ o is the torsion-free expansion velocity, the invariant θ 1 is the expansion velocity induced by the torsion, the antisymmetric tensor ω is the rotation (vortex) velocity tensor (rotation velocity, vortex velocity),
The antisymmetric tensor S is the torsion-free rotation (vortex) velocity tensor, and the antisymmetric tensor Q is the rotation (vortex) velocity tensor induced by the torsion.
By means of the expressions for σ, ω and θ the deformation velocity tensor can be written in two parts
where d o is the torsion-free deformation velocity tensor and d 1 is the deformation velocity tensor induced by the torsion. For the case of V n -spaces
If we use the explicit form of the tensor k s from (23) and (24) , we can find the relations
On the other side,
Therefore,
By the use of the last relations the shear velocity tensor σ and the expansion velocity invariant θ can also be written in the form
The main result of the above considerations can be summarized in the following proposition:
The physical interpretation of the velocity tensors d, σ, ω and of the invariant θ for the case of V 4 -spaces [4] , , [5] , can also be extended for (L 4 , g)-spaces (see Fig. 1 ). In this case the torsion plays an equivalent role in the velocity tensors as the covariant derivative. It is easy to see that the existence of some kinematic characteristics ( s P , Q, θ 1 ) depends on the existence of the torsion tensor field. They vanish if it is equal to zero (e.g. in V n -spaces). On the other side, the kinematic characteristics induced by the torsion can compensate the result of the action of the torsion-free kinematic characteristics. For d = 0, σ = 0, ω = 0, θ = 0 we could have the relations d 0 = d 1 , s E = s P , S = Q, θ 0 = θ 1 respectively leading to vanishing the relative velocity rel v under the additional conditions g(u, ξ) = l = 0 and
for the contravariant vector fields ξ and u induces a family of two dimensional sub manifolds of M . On these sub manifolds, one can choose the parameters of the integral curves of the two vector fields ξ and u as co-ordinates. This statement could be easily proved by the use of the relation
For a two parametric congruence of curves (not intersecting curves) in M
with
the integrability condition for the co-ordinates x i along λ and τ follows in the form
The last expression leads to a solution of the equations for
A one to one correspondence could be established between two of the co-ordinates x i (for instance, for i = 1, 2) and the parameters λ and τ on the basis of the relations 
Up to the first order of dτ we have
Therefore, the change of the velocity u from the point P with
The covariant derivative
with u = d/dτ = u i · ∂ i and a = ∇ u u, can be interpreted as the acceleration a of a material point at the point P with x i (τ 0 , λ a 0 ) of the curve x i (τ, λ a 0 = const.). In analogous way, the acceleration of a material point during its motion (transport) along a curve x i (τ 0 = const., λ a ) could be found in the form
a . The last expression shows the difference between the velocities along a curve x i (τ 0 = const., λ a ) at the two different points P 2 with x i (τ 0 , λ a 0 + dλ a ) and P with x i (τ 0 , λ a 0 ). Usually, the velocity u is interpreted as the velocity of the material points (elements) in the flow. The set of vectors ξ (a) (a = 1, ..., n − 1) determines a cross-section of a flow in a neighborhood of a given point. Since ∇ ξ (a)⊥ ξ (a)⊥ is the first curvature vector of the curve x i (τ 0 , λ a ), it could be interpreted as a measure for the deviation of an infinitesimal cross-section of the flow with ∇ ξ (a)⊥ ξ (a)⊥ = 0 , orthogonal to u, from an auto-parallel (constructed by autoparallel lines of ξ (a)⊥ ) infinitesimal cross-section with ∇ ξ (a)⊥ ξ (a)⊥ = 0, orthogonal to u.
On the other side, we can consider (a) the change of the vector ξ (a)⊥ along the curve x i (τ, λ a 0 = const.) and (b) the change of the vector u along the curve x i (τ 0 = const., λ a ).
Relative velocity
(a) In the first case,
The vector ∇ u ξ (a)⊥ has two components with respect to the vector u: one collinear to u and one orthogonal to u, i.e.
The set of the infinitesimal vectors {ξ (a)⊥ } determines a tangential subspace at the point x i (τ 0 , λ 0 ), orthogonal to the vector u. This subspace intersect the flow in such a way that a flat cross-section appears, orthogonal to u . All material points 
Therefore, we can interpret the vector rel v (a)(τ0,λ a 0 ) as the relative velocity vector or relative velocity of material points with co-ordinates x i (τ 0 , λ a 0 + dλ a ) with respect to the point with co-ordinates x i (τ 0 , λ a 0 ). Let us now determine the relation between rel v and the total velocity total v defined at the point P with
Since up to the second order of dτ and dλ a we have
we can express the last term in the last relation as
or for every point at a curve
and the local relative velocity rel v (a) of the material point (element) in a flow is
To find a more exact physical explanation of the structure of the relative velocity vector rel v we should consider now the length of a vector field, expressed by the use of kinematic characteristics of a flow. In the further consideration we use the vector u ∈ T (M ) instead of the vector u = dτ · u ∈ T (M ) as an infinitesimal vector at a curve x i (τ, λ a 0 ) identified with a line segment of the curve.
Length of a vector field, expressed by the use of the kinematic characteristics of a flow
Let us now consider the change of the length of a vector ξ (a)⊥ (a = 1, ..., n − 1) transported from point P with co-ordinates x i (τ 0 , λ a 0 ) to the point P 1 with coordinates
At the point P with x i (τ 0 , λ a 0 ) the vector ξ (a)⊥ will have the length
At the point P 1 with x i (τ 0 + dτ, λ a 0 ) the vector ξ ⊥ will have the length
we can represent the last expression by the use of the kinematic characteristics of the relative velocity.
The vector ∇ u ξ (a)⊥ could be represented in the form
The tensor d with d(u) = (u)(d) = 0 is the deformation velocity tensor. The relative velocity between the material points of the flow is related to the deformation of a cross-section of the flow (determined by {ξ (a) : a = 1, · · · , n − 1} along a line of the flow with tangent vector u.
The covariant derivative of g(ξ (a)⊥ , ξ (a)⊥ ) (identical to the ordinary derivative) along the vector u could be written now as
Since g(ξ (a)⊥ , u) = 0, the second term at the right side vanishes and we have
Let us now represent ∇ u g by means of the projective metric h u corresponding to the vector field u.
Representation of ∇ u g by means of the projective metric h u
Since h u = g − (1/e) · g(u) ⊗ g(u), the following relations can be found:
Explicit form of the change of the length of the vector fields ξ (a)⊥
If we use the relations
we can find some useful expressions leading to the explicit form of the change of the length of the vector fields ξ (a)⊥ .
For
It follows now for (
After introducing the abbreviations:
we obtain for (
We can now find the explicit form of
by the use of the last relations
The deformation velocity tensor d could be given in its explicit form as [6] :
If we introduce the abbreviations
it follows for the shear velocity tensor σ and for the expansion velocity invariant θ the expressions
Then we obtain the deformation velocity tensor d in the form
and
where ω(ξ (a)⊥ , ξ (a)⊥ ) = 0. Therefore, the change of the square ± l
is depending only on the shear and expansion velocity induced by the dragging along u and not on the transport along u.
Now we can determine the difference between the length of the vector ξ (a)⊥ at the point P 1 with x i (τ 0 + dτ, λ a 0 ) and the length of the vector ξ (a)⊥ at the point P with
Since
If we introduce the set of unit vectors {n (a) } (a = 1, ..., n − 1)
then
The invariant £ θ is called expansion velocity induced by the Lie differential operator £ u acting on the contravariant metric g. The invariant ∇ θ is called expansion velocity induced by the covariant differential operator ∇ u acting on g. It follows from the last two expressions that the length of the vector ξ (a)⊥ does not depend on ∇ θ. The invariant θ = ∇ θ − £ θ is called expansion velocity. This notion is related to the fact that the change of the invariant volume element dω along a given vector field u after a transport or a dragging along u could be expressed by means of ∇ θ and £ θ respectively. For ∇ u (dω) and £ u (d ω) we have
On the other side, if we use the relations
we can find the expression for ∇ θ in the form
and therefore,
It follows for the change ∇ u (dω) of the invariant volume element dω
Special case: (Pseudo) Riemannian spaces with or without torsion (U n or V nspaces): metric transport ∇ u g := 0.
This means that the invariant volume element dω does not change under a transport of dω along u in (pseudo) Riemannian spaces with or without torsion. This result follows directly from
In an analogous way, for the expansion velocity £ θ induced by the Lie differential operator the relations are valid:
If we use further the explicit form of £ u g for spaces with affine connections and metrics
and the relation
we obtain
For a normalized vector field u with e = const. and therefore, ue = 0, it follows
The last expression leads to the interpretation of £ θ as expansion velocity induced by the Lie differential operator £ u on the covariant metric tensor g. In other words, £ θ is the expansion velocity induced by a dragging of dω along a vector field u.
it follows that
If the vector field u is an auto-parallel vector field (∇ u u = a = 0), then
Therefore, the expansion velocity θ determines the difference between the change of the invariant volume element dω after a transport along an auto-parallel curve and a dragging along the vector field u.
The trace-free symmetric tensor field σ is called shear velocity tensor (shear velocity, shear)
The tensor field ∇ σ is called shear velocity induced by a transport along the vector field u, £ σ is called shear velocity induced by a dragging along u. The change of the length of the vector ξ (a)⊥ along a curve x i (τ, λ 0 ) is determined only by £ σ and not by ∇ σ. The shear velocity tensor £ σ determines the change of the length of the vector ξ (a)⊥ together with the expansion velocity £ θ. The shear velocity £ σ does not contain the part, responding for the change of the invariant volume element. This is because £ σ is constructed by a tensor, which trace £ θ, determining the change of the invariant volume element dω, is substracted from it. Thus the shear velocity tensor does not change a volume in a space with affine connections and metrics. It generates a volume-preserving shape deformation. This means that a sphere could be deformed to an ellipsoid under keeping its volume if
We can now resume, that the expansion velocity and the shear velocity have their corresponding physical meaning in the continuum media mechanics in spaces with affine connections and metrics.
The tensor field ω, with ω(u) = −(u)(ω) = 0, is called rotation (vortex) velocity tensor (rotation velocity, rotation, vortex). It does not change the length of a vector field ξ (a)⊥ and therefore, it changes only the direction of ξ (a)⊥ causing its rotation [ω(ξ (a)⊥ )], with (u)(ω(ξ (a)⊥ ) = 0, in the n − 1 dimensional subspace, orthogonal to the vector u.
Relative velocity and contravariant vector fields
The kinematic characteristics related to the notion of relative velocity can be used in finding out their influence on the rate of change of the length of a contravariant vector field as well as the rate of change of the cosine between two contravariant vector fields.
Relative velocity and change of the length of a contravariant vector field
Let we now consider the influence of the kinematic characteristics related to the relative velocity upon the change of the length of a contravariant vector field.
be the length of a contravariant vector field ξ. The rate of change ul ξ of l ξ along a contravariant vector field u can be expressed in the form
. By the use of the projections of ξ and ∇ u ξ along and orthogonal to u (see the section about kinematic characteristics and relative velocity) we can find the relations
For finding out the last two expressions the following relations have been used:
Special case:
Special case: V n -spaces:
In (L n , g)-spaces as well as in (L n , g)-spaces the covariant derivative ∇ u g of the metric tensor field g along u can be decomposed in its trace free part s ∇ u g and its trace part
The covariant vector Q =
If we use now the decomposition of ∇ u g in the expression for ± 2 · l ξ · (ul ξ ) we find the relation
where ± l
In the case of a parallel transport (∇ u ξ = 0) of ξ along u the change ul ξ of the length l ξ is
Special case: ∇ u ξ = 0 and s ∇ u g = 0.
Therefore, the rate of change of l ξ along u is linear to l ξ . Special case: g(u, ξ) = l := 0 :
.
Special case: Quasi-metric transports:
. (128) 2.4.2 Relative velocity and change of the cosine between two contravariant vector fields
The cosine between two contravariant vector fields ξ and η has been defined as g(ξ, η) = l ξ · l η · cos(ξ, η). The rate of change of the cosine along a contravariant vector field u can be found in the form
Since g(ξ, η) = l ξ · l η · cos(ξ, η), it follows from the last relation
Therefore, if cos(ξ, η) = 0 between two parallel transported along u vector fields ξ and η, then the right angle between them [determined by the condition cos(ξ, η) = 0] does not change along the contravariant vector field u. In the cases, when cos(ξ, η) = 0, the rate of change of the cosine of the angle between two vector fields ξ and η is linear to cos(ξ, η).
By the use of the definitions and the relations:
the expression of l ξ · l η · {u[cos(ξ, η)]} follows in the form
The kinematic characteristics related to the relative velocity and used in considerations of the rate of change of the length of a contravariant vector field as well as the change of the angle between two contravariant vector fields could also be useful for description of the motion of physical systems in (L n , g)-spaces.
Expansion velocity and variation of the invariant volume element
From the explicit form of the expansion velocity θ
one can draw the conclusion that the variation of the invariant volume element dω [6] is connected with the expansion velocity θ. From
and (137) the following relations are fulfilled
Special case: Metric transports (∇ u g = 0):
If the additional condition g(u, u) = e = const. is fulfilled, then
Special case: Metric transports (∇ u g = 0) and isometric draggings-along (motions) (£ u g = 0 ):
At the same time,
After introducing the abbreviations
and £ u g − ∇ u g can be written in the form
The variation of the invariant volume element along a contravariant vector field, orthogonal to the contravariant vector field u can be found by means of the projections of a contravariant vector field ξ along u
By means of the relations (146) and (151) the following propositions can be proved:
Proposition 2 The necessary and sufficient condition for the existence of the covariant derivative ∇ u (dω) of the invariant volume element dω in the form
is the condition
Proof: 1. Sufficiency. From (161) and (146)
2. Necessity. From (160) and (146), it follows
from where, for dω = 0, (161) follows.
Proposition 3 The necessary and sufficient condition for the existence of the Lie derivative £ u (d ω) of the invariant volume element dω in the form
Proof: 1. Sufficiency. From (163) and (151)
Necessity. From (162) and (151), it follows
from where, for dω = 0, (163) follows. Special case: Quasi-projective non-metric transports
The variation of the invariant volume element and its preservation is connected with the structures of a Lagrangian theory of tensor fields over (L n , g)-spaces [?].
Rotation (vortex) velocity
The tensor ω is called rotation (vortex) velocity tensor (rotation velocity, vortex velocity, rotation, vortex). It does not change the length of a vector field ξ ⊥ and, therefore, ω changes only the direction of ξ ⊥ , causing its rotation in the n−1 dimensional sub space, orthogonal to u [because of the relation [ω(ξ ⊥ )](u) = (u)(ω)(ξ ⊥ ) = ω(u, ξ ⊥ ) = 0]. By the use of the Levi-Civita symbols or the star operator * we can define the corresponding rotation velocity vector.
Definition of the rotation (vortex) velocity vector
For a differentiable manifold M with dim M = 4, a vector ω corresponding to the rotation velocity tensor ω could be defined by the use of ω, u, and the Hodge (star) operator *
Let us find now the explicitly form of the rotation (vortex) velocity vector ω. For this purpose, we should write ω, g(u), and g in a co-ordinate (or non-co-ordinate) basis
Then g(u) ∧ ω will have the form
All further results for ω are specialized for dim M = 4.
Properties of the rotation (vortex) velocity vector
By the use of the above expressions, we can find some important relations and properties of the rotation (vortex) vector. 1. The rotation (vortex) velocity vector ω is orthogonal to the vector u
Proof:
2. Representation of the rotation velocity tensor ω by means of the rotation velocity vector ω.
We can use the definition of the rotation velocity vector ω to express the rotation velocity tensor ω. From ω = g( * (g(u) ∧ ω)) we obtain
On the other side the following relations are valid (a) S(u, g(u)) = g(u, u) = e. Proof:
From the last expression, it follows that
On the other side, we have
Then
For the rotation (vortex) velocity ω, we obtain
3. The rotation velocity tensor ω is orthogonal to u and ω. The first property ω(u) = −(u)(ω) = 0 follows from the construction of ω. The second property ω(ω) = −(ω)(ω) = 0 can be proved.
Therefore, the rotation (vortex) velocity vector ω is orthogonal to the velocity vector u and to the rotation velocity tensor ω.
Special case: (L n , g)-space admitting the conditions σ = 0, θ = 0. Since g(u, ω) = 0, we can chose u and ω as tangent vectors to the two of the co-ordinate lines, i.e. u and ω could fulfil the condition £ u ω = 0 . Then
The rotation vector ω does not change in directions, orthogonal to u. Its change along u is collinear to u and depends on ∇ u g and on the acceleration a.
Special case: Weyl's spaces. In Weyl's spaces (with or without torsion), where ∇ ξ g = (1/n) · Q ξ · g for ∀ξ ∈ T (M ) and (∇ u g)(u, ω) = (1/n) · Q ξ · g(u, ω) = 0, the rotation vector ω does not change along u if u is a tangent vector on an auto-parallel curve, i.e. if ∇ u u = a = 0,
i.e. ω is transported parallel along u. 4. Change of the velocity vector u along the rotation (vortex) velocity vector ω. The change of the velocity u along ω could be represented in the form
Since g[h u (ω)] = ω and g[E] = θ o , we can also write
Special case: Shear-free (σ = s E = 0) and expansion-free (g[E] = θ = 0) V nspaces with ω = S and ∇ ξ g = 0 for ∀ξ ∈ T (M ), e :=const. = 0. For these types of spaces ∇ ω u = 0. Therefore, in U n -and V n -spaces the velocity u does not change along the rotation (vortex) velocity vector ω. This means that all particles (material points, material elements) lying on an axis, collinear to ω, have one and the same velocity which remains unchanged along this axis
and u is parallel transported along u. This fact is related to the physical interpretation of ω as a rotation axis. In (L n , g)-and (L n , g)-spaces, the rotation velocity vector ω changes in general along the velocity u. The same is valid for the velocity u along the rotation (vortex) vector ω. This means that every material point in the flow could have its own rotation (vortex) velocity vector ω different from that of the other material points in its neighborhoods and even different from the rotation vector of the points lying on the ω itself. In general, we have the relation
On the other side, we can calculate the change of the velocity vector u by its transport along the rotation (vortex) velocity vector ω. From the relations
it follows for ∇ u ω
If we substitute now the expressions for ∇ u ω and for ∇ ω u in £ u ω = ∇ u ω − ∇ ω u − T (u, ω) then we will obtain the explicit form of the torsion vector T (u, ω)
Special case: If u and ω are tangent vectors to co-ordinate lines in M , then £ u ω = 0 and we can find a representation of the torsion vector T (u, ω) in the form
Special case: U n -spaces:
If T (u, ω) := 0, then
In this special case [U n -space, n = 4, £ u ω = 0 , T (u, ω) = 0] the velocity u will change along the axis ω only if g(a, ω) = 0. This means that the condition ωe = 0 will be fulfilled only if the acceleration a is orthogonal to ω [g(a, ω) = 0] or a = 0 (if ω = 0). The last condition is fulfilled if the material points are moving on auto-parallel trajectories and the same time having vortex velocity ω = 0.
Special case: V n -spaces. n = 4, £ u ω = 0 , T (ξ, η) := 0 for ∀ξ, η ∈ T (M ).
If further e := const. = 0 : g(a, ω) = 0. In the Einstein theory of gravitation (where e := const. = 0) the vortex velocity vector ω is always orthogonal to the acceleration a or the acceleration a is equal to zero (auto-parallel, geodesic trajectories). Since in the general case g(a, u) = 0, and g(u, ω) = 0, the vectors u, ω, and a construct a triad (3-Bein), where u is a time-like vector, where ω and a are space-like vectors.
We can introduce abbreviations for the following invariants:
Let us now consider the change of the vector u along the curve x i (τ 0 = const., λ a ).
3 Friction velocity. Deformation friction velocity, shear friction velocity, rotation (vortex) friction velocity, and expansion friction velocity
Friction velocity
In the case of change of the vector u along the curve x i (τ 0 = const., λ a ), we have
(218) The vector ∇ ξ (a)⊥ u describes the change of the velocity u of material points along the orthogonal to u curves x i (τ 0 , λ a ). This means that ∇ ξ (a)⊥ u shows how the velocity of the material elements changes at a cross-section of a flow. Usually, the change of the velocity of material points in a direction, orthogonal to the velocity, is related to the existence of inner friction (viscosity of the media) between the different current lines of the flow.
In an analogous way as for ∇ u ξ (a)⊥ the vector ∇ ξ (a)⊥ u can be decomposed in two parts: one collinear to ξ (a)⊥ and one orthogonal to ξ (a)⊥ , i.e.
The vector R u(a) is called friction velocity vector or friction velocity. It could be consider as a measure for the friction between the layers of a flow. We will consider later the structure of the friction vector R u(a) .
Deformation friction velocity, shear friction velocity, rotation (vortex) friction velocity, and expansion friction velocity
Let us now consider a vector field ξ ⊥ with g(u, ξ ⊥ ) = 0, £ ξ ⊥ u = −£ u ξ ⊥ = 0 . Then we have the relations
On the other side, from the relations
it follows the expression
[compare with
. The tensor of second rank R is called friction deformation velocity tensor. It can be represented in the form analogous of the form of the deformation velocity tensor
The tensors σ R, ω R, and the invariant θ R could be found in analogous way as the tensors σ, ω, and the invariant θ.
The symmetric trace-free tensor σ R has the form
The symmetric trace-free tensor ξs E is the torsion-free shear friction velocity tensor (shear friction), the symmetric trace-free tensor ξs P is the shear friction velocity tensor induced by the torsion,
The invariant θ R is the expansion friction velocity (expansion friction), the invariant θo R is the torsion-free expansion friction velocity, the invariant θ1 R is the expansion friction velocity induced by the torsion.
The antisymmetric tensor of second rank ω R is the rotation (vortex) friction velocity tensor (rotation friction)
The antisymmetric tensor ξ S is the torsion-free rotation (vortex) friction velocity tensor, the antisymmetric tensor ξ Q is the rotation (vortex) friction velocity tensor induced by the torsion.
By means of the expressions for σ R, ω R, and θ R the friction deformation velocity tensor R could be written in the form
The tensor 0 R is the torsion-free friction deformation velocity tensor and the tensor T R is the friction deformation velocity induced by the torsion. for the case of V n -spaces, T R = 0 ( ξs P = 0, ξ Q = 0, θ1 R = 0).
In an analogous way as in the case of the shear velocity tensor σ and the expansion velocity invariant θ, the shear friction velocity tensor σ R and the expansion friction invariant θ R could be represented in the forms
3.3 Representation of the friction velocity by the use of the kinematic characteristics of the relative velocity
The relative velocity tensor and the friction velocity tensor can be related to each other on the basis of the relation £ u ξ = ∇ u ξ − ∇ ξ u − T (u, ξ). Let us now consider the representation of ∇ ξ u by the use of the corresponding to u projective metrics h u and h u . We can write for ∇ ξ u
we obtain for g(∇ ξ u) and ∇ ξ u respectively
The relations for g(∇ ξ u) and ∇ ξ u are valid for an arbitrary given contravariant vector field ξ ∈ T (M ). For an orthogonal to u vector field ξ ⊥ , [g(u, ξ ⊥ ) = 0], we obtain the representations for g(∇ ξ u) and ∇ ξ u in the forms
Therefore, for ∇ ξ ⊥ u and h ξ ⊥ (∇ ξ ⊥ u) we have the relations
In our further consideration we will assume the existence of a proper frame of reference in a flow. From this point of view it is possible to introduce particular designations for some types of flows. Inertial flows will be considered below with respect to their relative accelerations. If we consider the explicit form for ω
Vortex-free (irrotational) flow
we can prove the following propositions:
Proposition 6 The necessary and sufficient condition for the existence of a contravariant non-null vector field with vanishing rotation velocity
or in a co-ordinate basis
Proof: 1. Necessity. Form h u (k a )h u = 0, it follows that
From the last expression and from the relation g[g(k a )g]g = k a , it follows that
. In a co-ordinate basis we obtain (250). 2. Sufficiency. From (249) we have
On the other hand, after direct computations, it follows that
Since (k)[g(u)] = a, we have the relation Proof: If k a = 0, then it follows directly from ω = h u (k a )h u that ω = 0. In a co-ordinate basis k a is equivalent to the expression
On the other side, after multiplying the last expression with g jk · u k and summarizing over j, we obtain
Proposition 8 The necessary condition for k a = 0 is the condition
Volume-preserving (isochoric) flow
Definition 9 A flow for which the vector field u fulfills the conditions
is called volume-preserving (isochoric) flow. From the last two conditions, it follows that
where dω is the invariant volume element in the differentiable manifold M , considered as a model of a continuous media. Since (∇ u g)(u, u) = ue − 2 · g(u, a), we have for ∇ θ the expression
Proposition 10 For an inertial (a = ∇ u u = 0) and volume-preserving flow the following relations are fulfilled
The proof is trivial. It follows from the expression for ∇ θ and £ θ in the case of a volume-preserving (isochoric) flow. From the condition θ = 0, it follows that 
The proof is trivial. It follows from the expression for ∇ θ and £ θ in the case of a volume-preserving (isochoric) flow. From the last conditions it follows that σ = 0. The shear velocity tensor σ and the expansion velocity invariant θ are composed as the difference between the corresponding quantities induced by a transport and by its corresponding dragging along u.
Shear-free flow
A transport along u (action of ∇ u ) is a motion of a material point along a line with the tangent vector u. A dragging along u (action of £ u ) is a motion of all material points lying in a vicinity (determined by the vectors ξ (a) ) of the material point at the curve with tangent vector u
The difference between a transport along u and a dragging along u of a vector field ξ (a) could be interpreted as a characteristic describing the (relative) change of the vector field u under the influence of the vector field ξ (a) . Since ∇ ξ (a) u is related to the friction velocity of the flow, the non-vanishing difference ∇ u ξ (a) − £ u ξ (a) could characterize the friction velocity in the flow.
If we consider the structure of the relative velocity we can find the relations:
The orthogonal to u projection of the difference ∇ u ξ (a)⊥ − £ u ξ (a)⊥ is proportional to the deformation velocity tensor d. This means that d is a measure for the relative deformation induced by a transport along u and a dragging along u. This relative deformation could be an object of measurement because we can (locally) measure a deformation velocity at a point of a line with respect to the deformation velocity of its neighboring points outside the line. Usually, the deformation induced by a dragging along u is ignored by choosing the vectors u and ξ (a)⊥ as tangent vectors to the co-ordinate lines and vice versa, by choosing the co-ordinate lines as lines with tangent vectors u and ξ (a)⊥ . Then £ u ξ (a)⊥ = −£ ξ (a)⊥ u = 0 and the deformation velocity tensor represent the deformation velocity for the special type of co-ordinates. this is the common (canonical) method for description of deformations in the relativistic continuous media mechanics in V n -spaces (n = 4). The condition £ ξ u = 0 has been introduced by Ehlers [5] at the beginning of all further considerations about relativistic mechanics of continuous media. If appropriate co-ordinates are imposed by the condition £ u ξ (a)⊥ = [u, ξ (a)⊥ ] = 0 a relative deformation velocity and its corresponding structures (shear, rotation, and expansion velocities) could be considered as absolute kinematic characteristics with respect to the given co-ordinates. The same is valid for the kinematic characteristics related to the deformation acceleration tensor and its corresponding structures (shear, rotation, and expansion accelerations). This is the reason for introducing and considering of many notions of continuous media mechanics under the condition
If we consider the explicit form of the shear velocity tensor (shear velocity, shear)
, and g(h u )g = h u , the explicit form of k s can be found as
2. Sufficiency. From the last expression and the above relations, it follows that 
identical with the condition
Proof: It follows from the above proposition that
Rigid flow

Definition 16 A flow which is isochoric (volume-preserving) and shear-free is called rigid flow.
An other definition of the notion of rigid flow could also be introduced. Let us consider the vectors ξ (a)⊥ as infinitesimal vectors, determining a cross section in the flow orthogonal to the vector u. If the vectors ξ (a)⊥ are Fermi-Walker transported [?] they will not change their lengths and angles between them. The cross section will move along u without any deformation. Therefore, the Fermi-Walker transport determines a motion of a cross section of a flow as a rigid body. A rigid flow is then defined as a flow with cross sections transported along a vector u by means of a Fermi-Walker transport. Since a Fermi-Walker transport is not a priori related to the kinematic characteristics of a flow, the last definition of a rigid flow is more general than the first definition using the kinematic characteristics related to the relative velocity in a flow. For a Fermi-Walker transport of type C [?] we have the relation
where F ω is the covariant antisymmetric tensor of second rank from the structure of the Fermi derivative [for more details see [?] , [?] ]. By the use of the relations
we can find a representation of the tensor F ω in the form
At the same time F ω has the following properties:
. Now F ω could be represented in the form
The tensor F ω contains in general terms not orthogonal to the vector u [
. Therefore, a rigid dynamic system is either a rigid flow or a system transported by means of a FermiWalker transport.
Rigid flow and Fermi-Walker transports
Ehlers [5] has defined a Fermi derivative e ∇ u ξ in the form
If an external covariant differential operator e ∇ u is chosen as [?]
i.e. if e ∇ u is chosen as
because of g(u, ξ ⊥ ) = 0. Now, using the expression for ∇ u ξ ⊥ ,
we can find the form of the Fermi derivative, introduced by Ehlers
For ∇ u g = 0 we have
The last condition is not fulfilled if ∇ u g = 0.
The notion of Fermi-Walker transport has richer contents than usually assumed on the basis of different heuristic viewpoints (Manoff 1998 (Manoff , 2000 . In the structure of a Fermi-Walker transport a covariant antisymmetric tensor field F ω of second rank plays an important role. On the other side, in the deformation velocity tensor and in the relative velocity respectively the rotation (vortex) velocity tensor ω is exactly of the type of the tensor F ω. This fact leads to the assumption for identification of both the tensors in (pseudo) Riemannian spaces without torsion. Such convention [5] could be unique only if we consider the kinematics of a continuous media. If we consider in addition dynamical models of substratum then there could exist other interpretations of the antisymmetric tensor F ω in the structure of a Fermi-Walker transport. In (L n , g)-and (L n , g)-spaces there is no unique relation between the rotation velocity tensor and a Fermi-Walker transport. This means that in general there is no need for a relation between the rotation velocity tensor and a FermiWalker transport. Only if material points in a flow are Fermi-Walker transported a relation between F ω and ω could be established. If the co-ordinates in a flow are chosen in the way that £ ξ u = −£ u ξ = 0 then from the differential geometry in (L n , g)-spaces we have the relation
Deformation-free flow
The parallel transports of the deviation vector ξ along the velocity vector u and vice versa assure the vanishing of the vector of torsion T (u, ξ). Therefore, the conditions
should lead to deformation-free flow of a continuous media. The last two conditions (∇ u ξ = 0, ∇ ξ u = 0) should by dynamically generated.. We could speak about deformations if ∇ u ξ = 0 or ∇ ξ u = 0, or if ∇ u ξ = 0 and ∇ ξ u = 0. The condition ∇ u ξ = 0 means that the deviation vector ξ changes in the time and generates changes of the distance, the relative velocity and the relative acceleration between the material points in the media. The condition ∇ ξ u = 0 means that the velocity vector u changes along the co-ordinate line (if £ u ξ = −£ ξ u = 0 ) with tangent vector ξ and this changes could be a corollary of friction between the material points in the media.
If we consider the explicit form for d
Proposition 18 The necessary and sufficient condition for the existence of a nonnull contravariant vector field u with vanishing deformation velocity (d = 0) is the condition
Proof: 1. Necessity. From d = h u (k)h u , after writing the explicit form of h u , it follows that which is identical to h u (k)h u = d = 0. Special case: ∇ u u = a := 0, ∇ ξ g := 0 for ∀ξ ∈ T (M ) (U n -space), ue = 0 : e = const. = 0 (u is a normalized, non-null contravariant vector field). Proof: From k = 0 and (k)[g(ξ)] = ∇ ξ u − T (ξ, u) for ∀ξ ∈ T (M ), it follows that ∇ ξ u − T (ξ, u) = 0 or in a co-ordinate basis u i ;j − T jk i · u k = 0. In this case £ ξ u = ∇ ξ u − ∇ u ξ − T (ξ, u) = −∇ u ξ.
Corollary. A deformation-free contravariant vector field u with k = 0 is an auto-parallel contravariant vector field.
Proof: It follows immediately from the condition ∇ ξ u = T (ξ, u) and for ξ = u that ∇ u u = a = 0. The last condition appears as the integrability condition for the equation for u ∇ ξ u = T (ξ, u) for ∀ξ ∈ T (M ) .
Proposition 21 A deformation-free contravariant non-null vector field u with k = 0 is an auto-parallel non-null shear-free (σ = 0), rotation-free (ω = 0) and expansionfree (θ = 0) contravariant vector field with vanishing deformation acceleration (A = 0) [6] . Special case: U n -and V n -spaces.
∇ σ = σ = 0 , ∇ θ = 0 , θ = n − 1 2 · λ .
Isometric flow
Definition 24 A flow for which £ u g = 0 is called isometric flow.
Proposition 25 For an isometric flow the following relations are valid
£ σ = 0 , £ θ = 0 , £ u (d ω) = 0 , σ = ∇ σ , θ = ∇ θ .
Conclusion
In this paper the notion of relative velocity and its kinematic characteristics are introduced and considered. On an analogous basis, the notion of friction velocity and its kinematic characteristics in a continuous media are also introduced. The deformation and friction velocity tensors are found. Special types of flows show that some notions of classical continuous mechanics and hydrodynamics could be generalized without difficulties for continuous media mechanics and hydrodynamics in (L n , g)-spaces.
